The exact density of linear combinations of global minimum variance portfolio weights is derived. The exact finite-sample statistical procedure to test general linear restrictions of portfolio weights is obtained. The results are generalized to elliptically contoured distributions, which extends a number of financial theorems, to non-normal distributions. It is proved that the proposed global minimum variance portfolio weights estimator and testing statistics are financially and statistically interpreted for the heavy-tail distributions with tail index less than two. We show that higher moments of the estimator and testing statistics do exist for all elliptically symmetric stable distributions.
Introduction
Mean-variance analysis (Markowitz, 1952 ) and the Capital Asset Pricing Model (Sharpe, 1964 and Lintner, 1965) , are important for both practitioners and researchers in finance. From one side, theory suggests that mean-variance efficient portfolios play an important role in portfolio management. It is central to many empirical tests of the asset pricing theory. From the other side, implementing asset pricing theory faces a number of difficulties. It is considered that mean-variance approach gives almost optimal results only when returns distribution is approximately normal or utility functions look almost like a parabola. Kroll, Levy and Markowitz (1984) reported that the mean-variance efficient portfolio has a maximum expected utility or at least near optimum expected utility.
The practical pitfalls of the mean-variance analysis are mainly related to the extreme weights that often arise when the sample efficient portfolio is constructed. This phenomenon was studied by Merton (1980) , who among others argued that estimates of variances and covariances of asset returns are more accurate than estimates of means. Best and Grauer (1991) showed that sample efficient portfolio is extremely sensitive to changes in asset means. Chopra and Ziemba (1993) concluded for the concrete data set that the cash equivalent values are 11 times more sensitive to changes in means as to changes in variances, and 21 times more sensitive as to changes in covariances. More recently Yelejko and Bodnar (2000) demonstrated that for monitoring all feasible sets of portfolios it is sufficient to control only the global minimum variance portfolio. Therefore we assume equal means of the portfolio asset returns, or in other words the global minimum variance portfolio. The aim of this paper is to derive the exact marginal and joint distributions of linear combinations of the global minimum variance portfolio weights estimators under weak assumptions on the underlying sample. This result is extremely useful because it permits the precise characterization of this estimator and the determination of confidence intervals, as well as it allows to derive a test for the global minimum variance portfolio weights.
Results about the distribution of the estimated optimal weights of the global minimum variance portfolio are of great importance for evaluating the efficiency of the underlying portfolio (Barberis (1999), Fleming et al. (2001) ). Jobson and Korkie (1980) study the weights resulting from the Sharpe ratio approach under the assumption that the returns are independently and normally distributed. They derive approximations for the mean and the variance of the estimated weights, together with the asymptotic covariance matrix. In Jobson and Korkie (1989) a test for meanvariance efficiency is derived. A performance measure is introduced which is related to the Sharpe ratio. Britten-Jones (1999) analyze tests for the efficiency of meanvariance optimal weights under the normality assumption of the returns. Using a regression procedure they derive the exact distribution for the normalized weights, however, the other focuses on the normal distribution of returns.
One of the advantage of the approach suggested in this paper is that it may be applied under week conditions on the underlying returns distribution, i.e., elliptically contoured distributions. The proposed testing procedure has financial and statistical interpretations even when the distribution of returns is heavy-tail with tail index less then two, e.g., it covers all types of multivariate symmetric stable distributions. Furthermore, we find that the density of the global minimum variance portfolio weights estimator has quite large tail index. Hence, its higher moments do exist even when the second moment does not exist for these distributions of returns.
The assumption of normality is found appropriate due to positive theoretical fea-tures, e.g., the consistency with the mean-variance rule, the equivalence of multiperiod and single period decision rules, the consistency with the assumptions of the capital asset pricing model (Stiglitz (1989) , Markowitz (1991) ). Fama (1976) found, that monthly stock returns can be well described by a normal approach, we consider normally distributed portfolio returns. However, in case of daily returns the assumption of normality and independence might not be appropriate since it is very likely that the underlying distributions have heavy tails (Osborne (1959) , Fama (1965 Fama ( , 1976 , Markowitz (1991) , Mittnik and Rachev (1993) ). For such cases application of the multivariate t-distribution has been suggested by Zellner (1976) and Sutradhar (1988) .
The assumption of independent returns turned out to be questionable, too. Numerous studies demonstrated that stock returns are uncorrelated but not independent (Engle (1982) , Bollerslev (1986), Nelson (1991) ). For this reason, in the last part of theoretical results, we extend the initial assumption of normally distributed returns to the more general family of distributions, i.e., elliptically contoured distributions (Fang and Zhang (1990) , Gupta and Varga (1993) ).
This family seems to be very suitable to describe the distributional properties of stocks. The returns are uncorrelated and the distribution of the return vector at a fixed time point is elliptically contoured. This class covers a wide range of distributions like, e.g., the normal distribution, compound normal distribution, Pearson types II and VII distributions, multivariate t-distribution, logistic distribution, scale distributions (Fang, Kotz and Ng (1990) ). Elliptical distributions, whose contours of equal density have the same elliptical shape as the normal, provide attractive and intuitively appealing alternatives to multivariate normality. Elliptically contoured distributions have been already discussed in financial literature. Application of of elliptical contoured distributions to modelling financial data has been already dis-cussed in the literature. For instance, Owen and Rabonovitch (1983) showed that Tobin's separation theorem, Bawa's rules of ordering certain prospects, Ross's mutual fund separation theorems can be extended to elliptically contoured distributions.
Furthermore, Zhou (1993) extended findings of Gibbons, Ross and Shanken (1989) by applying their test of the validity of the CAMP (capital asset pricing model) to elliptically distributed returns. They found that when a stringent assumption of normality is violated, but the elliptical assumption is maintained, the CAMP is no longer rejected. More recently, Bodnar and Schmid (2003) obtained the exact density of the global minimum variance portfolio variance estimator under assumption that returns of portfolio assets are elliptically contoured distributed. They derived a statistical procedure for testing whether the global minimum variance is less than or equal to a certain value.
The remainder of the paper is organized as follows. Section 2 contains the main result. The exact joint density function of linear combinations of the global minimum variance weights estimators is derived. It is proved that it follows a multivariate t-distribution. As a consequence, we obtain the statistics to test the general linear hypothesis of the global minimum variance portfolio weights. Under the null hypothesis it has a cental F -distribution in the finite-sample case. Furthermore, the obtained results are generalized to the whole family of elliptical contoured distributions. Moreover, it is proved that the estimator of the weights have the same density function within the elliptical family. Also, the distribution of the statistics is the same as in normal case, i.e. it is F -distributed. In Section 3 we empirically implement our findings for the international stock portfolio. Final remarks are presented in Section 4.
5

Variance Portfolio
We consider a portfolio consisting of k assets. The k-dimensional vector of returns of these assets at time n is denoted by X n . The weight of the i-th asset in the portfolio is denoted by w i . Let w = (w 1 , .., w k ) and w 1 = 1. Here 1 denotes the vector of ones. Suppose that for X n the second moments exist. We denote its mean by µ. The covariance matrix is denoted by Σ and it is assumed to be positive definite.
Then the expected return of the portfolio is given by w µ and its variance is equal to w Σw. For the expected quadratic utility the portfolio weights are chosen to maximize w µ − αw Σw/2 subject to 1 w = 1. α > 0 describes the risk aversion of an investor. This leads to the weights
Another approach consists in maximizing the Sharpe ratio of a portfolio without risk free asset. The Sharpe ratio is still one of the most popular measures for the evaluation of a portfolio and the asset performance (Cochrane (1999), MacKinley and Pastor (2000)). The problem of determining optimal weights can be solved by maximizing w µ/ √ w Σw subject to 1 w = 1. The solution is given
The portfolio with maximum
Sharpe ratio can be equivalently presented as a global tangency portfolio in classical quadratic optimization problem. In case when an investor is fully risk averse, the weights in the sense of quadratic utility maximization and the weights of the Sharpe ratio transform to the weights w M = Σ −1 1/1 Σ −1 1. This portfolio is known as global minimum variance portfolio (GMVP). It will be subject of the following analysis.
Because Σ is an unknown parameter the investor cannot determine w M . He has to estimate Σ using previous observations. Given the sample X 1 , .., X n of returns on k assets the most common estimator of Σ is its empirical counterpart
with X = (X 1 , .., X n ) andX = X1/n. Replacing Σ byΣ in w M we get the estimator w M of w M , i.e.
Note that for a normal random sampleΣ is positive definite with probability 1 if n > k. Okhrin and Schmid (2003) proved that in this case all marginal distributions of w M with dimension less than k follow a multivariate t-distribution. The multivariate t-distribution belongs to the family of elliptically contoured distributions. Its density is given by
C is assumed to be positive definite. We use the symbol t r (k, µ, C) for the r-variate t-distribution with k degrees of freedom and parameters µ and C.
Here we consider linear combinations of the GMVP weights. Let
Applying the estimator (1) we get
Next we want to derive the distribution ofŵ L;p .
Theorem 1. Let X 1 ,...,X n be independent and identically distributed random vari-
Applying the properties of the multivariate t-distribution we get that E(ŵ L;p ) = w L;p and for k ≤ n − 2 that
Theorem 1 says that linear combinations of the components ofŵ M are again tdistributed. However, if the matrix Σ cannot be estimated by historical data, it does not provide a test for w L;p because the distribution ofŵ L;p still depends on Σ.
The General Linear Hypothesis for the GMVP Weights
The problem of testing the efficiency of a portfolio has been recently discussed in a large number of studies. In the absence of a riskless asset Gibbons (1982) , Kandel (1984) , Shanken (1985) and Stambaugh (1982) have analyzed multivariate testing procedures for the mean-variance efficiency of a portfolio. Jobson and Korkie (1989) and Gibbons, Ross and Shanken (1989) derived exact F -tests for testing the efficiency of a subset of assets relative to a full set of assets. More recently, Britten-Jones (1999) has given the exact F -statistics for testing the efficiency of a portfolio with respect to portfolio weights which is based on a single linear regression. In this section we introduce a test of the general linear hypothesis for the GMVP weights. First, in Section 2.2 we consider the normal case. In Section 2.3 the results are extended to elliptically contoured distributions.
As
assumed to be known. We consider the general linear hypothesis which is given by
This means that the investor is interested to know whether the weights of the GMVP fulfill p linear restrictions or not. This is a very general testing problem and it includes many important special cases (cf. Greene (2003, pp.95-96)).
In Theorem 1 it was proved thatŵ L;p follows a p-variate multivariate t-distribution with n − k + 1 degrees of freedom, the location parameter w L;p and scale parameter LRL /1 Σ −1 1. This result provides one motivation for considering the following test statistic for the present testing problem
This quantity is very similar to the F statistic for testing a linear hypothesis within the linear linear regression model. Because the distribution of the underlying quantities is different than in the case of a linear model we cannot apply these wellknown results.
Theorem 2. Let X 1 ,...,X n be independent and identically distributed random vari-
Then it follows under the null hypotheses H 0 that T ∼ F p,n−k .
Theorem 2 has many important applications. If, e.g., the analyst wants to test whether the GMVP weight of the first stock in the portfolioŵ M,1 is equal to a given value r 1 , perhaps a reference value from a previous time period, we choose p = 1 and
Moreover, it provides a test for the hypothesis that, e.g., two stocks have the same weights in the GMVP or that all weights are equal to reference (target) values. Consequently it can be used as tool for monitoring the weights of the GMVP and it permits a decision whether the portfolio should be adjusted or not.
The above result can be applied to construct a 1 − α confidence interval for w L;p as well. It is given by the set of all r satisfying that T (r) ≤ F p,n−k;1−α . If X = (X 1 , .., X n ) ∼ E k,n (M, ∆, Ψ) and if its second moments exist then it holds with M = (µ 1 , .., µ n ) that the random vectors X 1 ,.., X n are uncorrelated and . Assuming X to be absolutely continuous, it follows that X ∼ E k,n (M, ∆, Ψ) if and only if the density of X has the form
The General Linear Hypothesis for the GMVP Weights in an Elliptical Model
where h and Ψ determine each other for specified k and n (see Gupta and Varga (1991, Theorem 2.2.1)).
The family of matrix elliptically contoured distributions possesses several desirable properties which have been observed for financial assets. It presents an extension of the assumption of an independent normal sample. First, the returns must not be independent and second, they may have heavy tails. Using the stochastic representation of the random matrix X and Theorem 5.
of Fang and Zhang (1990), it is now
shown that the statisticsŵ L;p and T are distribution-free on the class of elliptically contoured distributions.
. Let ∆ be positive definite and suppose that X is absolutely continuous. Let n > k > p ≥ 1.
Hence, the result of Theorem 2 implies that the distribution of linear combinations of the global minimum variance portfolio weights estimator is independent on the type of elliptical symmetry of the portfolio returns distribution and is still t-distributed.
Also, it follows that the distribution of the statistics T is the same as in the normal case and it follows F -distribution in finite samples. Such a result permits us to impose rather weak assumptions on the underlying sample. The only assumption imposed is elliptical symmetry. The assumptions of normality and independency are not required. Furthermore, this assumption does not exclude the Pareto stable family and multivariate t-distributions of returns. Despite the covariance matrix does not exist for the stable family (contrary to the normal distribution) and not always exist for the t-distribution, the results of Theorem 2 also hold for these distributional classes.
Hence, if an investor choses the global minimum variance portfolio, he does need to estimate the exact distribution of portfolio returns. The only thing he must know is that a sample possesses elliptical symmetry. This fact is sufficient for monitoring and controlling his portfolio applying the statistics T .
Empirical Study
In this section we present the results of empirical application of the findings described above. We consider an international global minimum variance portfolio. Such a portfolio is of interest because it can give an alert about the importance of barriers to international investors. Different general linear hypotheses about the global minimum variance portfolio weights are tested. Following Bodnar and Schmid (2003) , who argued that daily stock returns can be described by matrix elliptically contoured distributions, the assumption of elliptical symmetry is picked up. We use daily price data from Morgan Stanley Capital International for the equity markets of 7 developed countries (France, Germany, Italy, Japan, Spain, UK, USA) for the period from 1 January 1994 to 31 December 1994.
In Table I the confidence intervals for a single global minimum variance portfolio weight for the market returns of each country are presented. The null hypothesis of equality of the weight to zero cannot be rejected in one out of seven cases for France. In case of Spain, the weight turns out to be negative. We are unable to reject the hypotheses that it is equal to −0.1. The opposite is found for Germany, Italy, Japan, UK, and USA. Weights of these countries are positive. We cannot reject the hypotheses that the weight is greater than 0.07 for Germany, 0.15 for Japan, and 0.04 for UK. For Italy the confidence intervals are very small with the length being less than 0.06 for the 10% level of significance. In case of the USA the corresponding global minimum variance portfolio weight belongs to the interval (0.4599, 0.6177) with the probability equal to 0.95 and to the interval (0.4727, 0.6050) with the probability 0.9. For both 0.1 and 0.05 level of significance we reject the hypothesis that this weight is equal to 1. The T -statistics is equal to 132.4, which is larger than the respective critical values. This result provides evidence in support of the international diversification benefits for an investor, who allocates his assets into the USA market.
It is not in line with the result obtained by Britten-Jones (1999) for monthly price data.
In Table II we present the confidence intervals for the sum of two weights (upper parts of the table) and for the difference of two global minimum variance portfolio weights (lower part of the table). The hypothesis of equality the American asset weight to the one of another country is strongly rejected. The lower control limits 0.2376 for UK and a little larger, 0.2634, for Japan with the 5% level of significance.
The equality of the France and Germany, France and Italy, France and UK, Germany and Japan, Germany and UK, Italy and UK, Japan and UK weights cannot be rejected for both levels of significance, α = 0.05, α = 0.1 and additionally for the Germany and Italy weights with the α = 0.05 level of significance. From the other side, we are able to reject this hypothesis for the other cases. The equality to 1 of the sum of two weights is strongly rejected for all cases. Finally, we are unable to reject the hypothesis of benefits to global diversification for an investor, who invests into the four developed market, i.e., Germany, Japan, UK, and USA with both 5% and 10% level of significance. The confidence intervals for the sum of the four weights are (0.882, 1.064) and (0.897, 1.049) correspondingly.
Summary
In this paper we derive the exact density of the linear combinations of the global minimum variance portfolio weights. It was proved that the joint distribution of the linear combinations of weights follows multivariate t-distribution. As a straightforward consequence we obtain that all marginal distributions are again t-distributed.
These results allow to construct the T -statistics for testing general linear hypotheses of global minimum variance portfolio weights, which has the central F -distribution in finite samples. The results are generalized to the case when the underlying distribution is elliptically contoured distributions. This permits us to model with nonnormal and nonindependent data more accurately. Furthermore, the proposed global minimum variance weights estimator and the T -statistics have an interesting financial and statistical interpretation even for the heavy-tail distribution with the tail index less than two. The higher moments exist in this case.
The design of the proposed T -statistics is straightforward and the test can be easily implemented in practice. We provide an empirical illustration of our results by considering the international global minimum variance portfolio. We find that the weight of the USA asset in the international portfolio is larger than the weights of other countries asset. However, we reject the hypothesis of equality of this weight to one. This finding supports the hypothesis of the benefits from global diversification for an investor. From the other side, for the weight of the Spain asset the hypothesis of being positive is rejected at both 0.05 and 0.1 levels of significance. Finally, the hypotheses of negative France, German, Italy, Japan, UK weights are rejected too. It is recommended to apply the T -statistics for daily stock returns when deciding about portfolio adjustment. Further research should attempt to extent the obtained results to other types of optimal portfolio weights. Another line of research is to extend the results to nonsymmetric distribution of portfolio returns. 
